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1 Introduction 



A large class of 2- dimensional (2D) gravity models is described by a gen- 
eral dilaton gravity action, which determines the line element in terms of a 
parameter in the action and an additional integration constant. We demon- 
strate that a well-defined transformation constructs another, inequivalent 
action, which belongs to the same class of models, leads to the same line ele- 
ment, but with the action parameter and integration constant interchanged. 
We call this transformation a duality: when carried out a second time, it 
reproduces the initial action. 

In Section |2l we recall some results and present a specific example of the 
duality transformation. This example suggests the general procedure, which 
is described in Sectional Section HI provides applications to various models 
and Section El addresses couphng to matter. 



2 Recapitulation of some results 



In a recent investigation [Tj concerning geometry, we produced the 2D line 
element {X G [0,7r]) 



or equivalently 

ds' = 

with 



ds^ = 2dudX + du^ (A cos (X/2) + M) 



2dudX + du^ (Mcosh (X/2) + A 



cosh (X/2) 



(1) 



(2) 



tanh (X/2) = sin (X/2) . (3) 

We observed that (P) or (j21) are solutions to the equations of motion that 
follow from the 2D gravity action (we use the same sign conventions as in 

CI) 



d X 



X{x)R{x) + ^sin (X(x)/2) 



(4) 



The parameter M in and arises as an integration constant for the 
equations of motion implied by (j3]). These equations are solved in terms of 
two functions X{x) and u{x), which must allow expressing uniquely x"' ~ 
x"(m,X), but otherwise are arbitrary. They are used as coordinates in (0) 
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or, after the redefinition in The parameter A appears in the action as 
a coupling constant with dimension inverse length squared, while the scalar 
(dilaton) field X is dimensionless and R is the Ricci scalar. The observation 
that we made is that the line element, directly in its representation Q or, 
after the redefinition Q, as ((H), also arises as the solution to the equations 
of motion descending from the action 

While the two line elements (0), (j21) are related through the definition 0, / 
is not similarly related to /. Their functional forms differ and especially with 
(jSj) M is a parameter of the action and A occurs as an integration constant, 
which is opposite to the situation with (jH). 

In this note we show that the phenomenon observed in our example above 
is generally true for 2D dilaton gravity theories with the action 

^ = ^ / d'xv/^ [XR + U{X){yXf - \V{X)\ . (6) 

The functions f/, V define the model, and many examples will be provided 
below. As before, the dilaton field X is dimensionless, A is a parameter with 
dimension inverse length squared and V is dimensionless. We prove that 
for each action (jH)) there is another one which, although inequivalent to 
leads to the same 2-parameter family of 2D geometries in a sense made precise 
below. We call the two actions duals of each other and we demonstrate how 
this works. 

In order to proceed we state some well-known results. For detailed expla- 
nations and references the review article may be consulted. The general 
solution for the line element derived from the action (jH)) may be presented in 
Eddington-Finkelstein gauge as 

ds^ = e<3 [2 dw dX + {\w + M) du^] , (7) 

with the constant of motion M and the definitions 

Q'{X) := -f/(X) , w\X) := e«(^)V(X) , (8) 

where prime means differentiation with respect to the argument. Two inte- 
gration constants arise in the integrated versions of (jH}. The first one (present 



Xi? + i tanh (X /2) ( VX)^ - ^ sinh X 



(5) 
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in Q) is called "scaling ambiguity", the second one "shift ambiguity". We 
discuss later how to fix them appropriately; let us now just assume that they 
have been fixed in some way. Once the functions Q and w are known all 
other quantities may be derived without ambiguity. 

Let us collect some properties of the solutions ((Tj). Evidently, there is 
always (at least) one Killing vector (9„. The square of its norm is given by 
e'^{\w + M), and therefore Killing horizons emerge for X = X^, where Xh 
is a solution of 

XwiXh)+M = 0. (9) 

Like in the example ([Q) the dilaton field is used as one of the coordinates 
in ((Tj). This is possible globally, except at points where the Killing horizon 
bifurcates. The Ricci scalar is given by 

R{X) = XV'{X) - 2XV{X)U{X) - U'[X)e-^^^\M + \w[X)) , (10) 

and becomes —U'e~^ M if the condition 

e^w = constant (11) 

holds. This implies Minkowski spacetime for M = 0, and hence a model with 
the property (fTTj) is called a "Minkowski ground state model" (MGS). 

In addition to the family of line elements (|7j) there are isolated solutions 
with constant dilaton vacuum (CDV) and maximally symmetric line element 
for each solution X = Xcdv of the equation V(Xcdv) = 0. The correspond- 
ing Ricci scalar is given by 

R = XV'{X)\x=XcDv = constant . (12) 



3 Duality in generic 2D dilaton gravity 

To obtain the dual action we consider the definitions 

dX:=4^, e^WdX:=e«WdX, w{X) := -L. (13) 

We assume that w is strictly positive^ and therefore the definitions (|T3|l are 
well-defined (except for boundary values of X, typically either X = or 

•^If it is strictly negative similar considerations apply, but for sake of clarity we disregard 
this case. If w has zeros but is bounded either from above or from below one may exploit 
the shift-ambiguity inherent to the definition of w to give it a definite sign. If w is 
unbounded from below and from above the definitions necessarily have singularities. 
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|X| = oo). Differentiating (jH)) and inserting the definitions (jl3j) leads to the 
dual potentials 



w^{X) ' 



which can be used to define a new action of the form 
; 1 



d X\J—g 



XR + u{x)iyxY - MV{x) 



(14) 



(15) 



The line element (jZj), following from the original action (jH]), is identical to 
the line element following from the dual action ()15|) [with the dual potentials 
()14|) ]. This can be shown as follows. We start with the action © and the 
ensuing line element ((Tj). Factoring w in the latter allows presenting 



ds^ = e^w 



2 dw h ( h A) dw^ 

w w 



Inserting the definitions ()13|) yields 



2dudX+ {Mw + A) du" 



(16) 



(17) 



But according to the general result ((Tj) this is the line element following from 
the dual action (fT3j) with dual potentials (fT^ . The quantity A appears as 
a constant of motion in the dual formulation, so the roles of M, A are inter- 
changed. Evidently (|13p defines a line element-preserving diffeomorphism of 
X, with Jacobian w and e*^ transforming as a density. 

We call the relation (fT^ [together with (fT^ ] between the actions (jHI) 
and ()15|) a "duality". One reason for this nomenclature is that both of 
them generate the same set of geometries, as we have just shown, but with 
interchanged roles of parameter of the action and constant of motion. The 
other relevant observation is that the dual of the dual is always the original 
quantity (for Q, w, U, V and X). So there is always a pair of actions related 
to each other in the way presented above, which justifies the use of the name 
"duality". 



3.1 Properties 

Here we list some general properties of the dual theories (jHl) and ()15p [with 
(HSl) and 
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• The respective families of line elements are identical by construction; 
in particular, the number and types of Killing horizons are the same 
because every solution of © is also a solution of Mw + A = and vice 
versa. Moreover, also the type of horizon remains the same: if it is 
extremal, i.e., if in addition to also the relation V{Xh) = is ful- 
filled, then also the corresponding dual relation holds. Similarly, non- 
extremal horizons are also non-extremal horizons of the dual theory. 
Therefore, the respective global structures also coincide, except possi- 
bly in the asymptotic region and at the singularity, where w and/or 
may vanish or diverge. 

• The respective line elements are not only the same, but also the number 
of CDVs where V vanishes coincides for both theories, because = 
implies with fll4j) also = and vice versa. Moreover, if in addition 
to w > also the inequalities A > > M hold, then {A)dS CDVs 
are dual to {A)dS CDVs, because signs coincide of the respective Ricci 
scalars, given by (fT^ and its dual version. Flat CDVs are always dual 
to fiat CDVs. 

• MGS models, i.e., models with the property (fTTj) . are dual to models 
with U = Q. 

• Within the first order approach to 2D dilaton gravity the constant of 
motion M has an interpretation as a Casimir function of a certain 
Poisson-sigma model 0. If one replaces A in the action ® by a scalar 
field B and adds a BF term to the action, where F is an Abelian 
field strength, then B turns out to be a second Casimir function, the 
on-shell value of which is given by A. The duality then acts by swap- 
ping these two Casimir functions. This mechanism can be extended to 
models which have even more Casimirs, for instance 2D dilaton gravity 
with additional gauge fields or with potentials V containing coupling 
constants additional to A. 

• Physically the duality exchanges the respective roles of reference mass 
[A in © and M in ()15|) ] and spacetime mass (as emerging from the 
constant of motion). 

It should be noted that our duality, which relates different actions but leaves 
invariant the space of solutions for the metric, is quite different from the 
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target space duality in jH |3] , which acts on the space of solutions and leaves 
invariant the gauge fixed action. 

3.2 Fixing the ambiguities 

The functions w and are defined (jH)) up to two integration constants 
only, corresponding to a shift ambiguity w ^ w + (3 and a scale ambiguity 
e'^ ae^ and w — >■ aw, where a, (3 are some real numbers. The shift 
ambiguity can be fixed for a large class of models as follows: The duality (fT^ 
is meaningful only if w does not have any zeros. If it has zeros but is bounded 
from above or from below (in the range of definition of the dilaton), one may 
exploit the shift ambiguity to eliminate all zeros. If one does this in such a 
way that the only zero of w lies at either of the boundaries (typically X = or 
|X| = oo) then the shift ambiguity is fixed uniquely. We shall exhibit how this 
works for concrete examples below. Physically, this ambiguity corresponds 
to a choice of the ground state solution, M = 0. Often there is a preferred 
choice, such as a maximally symmetric spacetime, but if there is none then 
one just has to choose any particular solution as the ground state. The scaling 
ambiguity is harmless for classical considerations and may be absorbed by a 
rescaling of the coordinate u together with an appropriate rescaling of the 
mass M. Additionally, the representation of the potential V in the action © 
is ambiguous because one may multiply A by some dimensionless constant 
and divide V through the same constant. This ambiguity is not essential, 
because it can be absorbed into the scaling ambiguity discussed above. 

Some definitions involve sign ambiguities. Without loss of generality we 
require A > and, as mentioned before, for sake of definiteness also w > 0. 
For solutions which have a Killing horizon from Q we deduce M < 0. Thus 
minus M is directly related to the physical mass of black hole (BH) solutions. 
In the dual formulation the situation is reversed, i.e., plus A is directly related 
to the physical mass. As an illustration we consider the model w = = 
\fX. Introducing dr = dX and inserting the functions Q, w into the line 
element ((Tj) yields ds^ = 2dMdr + (A + 2M/r)d'U^, which is the 2D part 
of the Schwarzschild (S) BH in Eddington-Finkelstein gauge. However, r 
is dimensionless, u has dimension length squared and A, M have dimension 
inverse length squared. Therefore, we redefine u := ^J\u, r := r/\fX and 



obtain 




(18) 
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with Madm = — MA~^/^ in units of length. For fixed positive A the constant 
of motion —M determines the ADM mass, while in the dual formulation for 
fixed negative M the constant of motion A~^/^ determines the ADM mass. 

4 Examples and applications 

As a demonstration let us now apply the definitions and results from the 
previous Section to the example presented before, (H}-©, with particular 
emphasis on various ambiguities. Starting point is the action The func- 
tion U vanishes in that case, while V oc sin (X/2), and w oc cos {X/2) + c. 
We may fix the shift ambiguity by setting c = so that w > for X e [0, vr) 
and w — *• for X —>■ tc. The scaling ambiguity is fixed by identifying A in (j^ 
with A in © in order to reproduce Q with the same numerical factors. This 
gives V = -| sin (X/2) and w = cos (X/2). The formulas (0, (EI) lead to 
U = ^ tanh (X/2), V = 1 sinh X, Q = - In cosh (X/2) and w = cosh (X/2), 
which after insertion into (fT3j) correctly reproduces (0). 

Next we apply the general procedure to several models. Among the best- 
known 2D dilaton gravity models are the S BH (spherically reduced to 2D), 
the Jackiw-Teitelboim (JT) model [0] and the Witten (W) BH [7 . It was 
realized in jH] that all of them can be summarized in a 2-parameter family 
of 2D dilaton gravity models of the form 

e^ = X-", w = X^+^ U = ^, V = (6+l)X"+^ (19) 

X 

The shift ambiguity inherent to w has been fixed by requiring w{0) = 
for b > —1 and w{oo) = for 6 < — 1 (for b = —1 there is no preferred 
way to fix this ambiguity, so we choose w = 1). The scale ambiguity has 
been fixed conveniently. The line element (|7|) may be re-parameterized as 

(X-" dX = dr) 

ds^ = 2 du dr + (AX^+i-''(r) + MX-''(r)) du^ . (20) 

The Ricci scalar (fTIH) reads 

R = Xb{b + 1 - a)X"+^~i + MaX""-^ . (21) 

Notably R is constant for all A, M if and only if (a — 1)^ = 1 and 6(6^ — 1) = 0. 
When a — b = 1 the MGS property (jlip holds. If a + 6 = 1 the ground state 
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solution (M = 0) is {A)dS. For a = R becomes independent from M. 
Models with a 7^ 1, 6 = are called Rindler ground state models, because 
R vanishes and the Killing norm is linear in the coordinate r for M = 0. 
We shall assume 6 7^ and discuss this special case separately at the end. 
Applying our rules (fT^ to the models given by (fT^ yields 

e<5 = , w = {-bXy+^/' . (22) 

After the field redefinition —bX X the functions Q and w are again in the 
form ()19|). so our duality maps one model of the ah family to another one of 
the same family with new parameters a and b given by 

a — 1 r 1 / . 

~a = l--^, b=-. (23) 

The fixed points under duality transformations are b = a = 1 and b = —1, a 
arbitrary. 

It should be mentioned that the combination 

P ■= = Sign i-b)^^ (24) 

is invariant under the duality for 6 < and goes to p = — p for 6 > 0. 
This leads to a useful representation of the "phase space" of Carter- Penrose 
diagrams. In Fig. 6 of [5^ that phase space is depicted as function of a and b. 
We present the same graph as a function of p and = In \/]b\, discriminating 
between positive b (Fig.[H) and negative b (Fig. EJ. In the former case duality 
acts by refiection at the origin, in the latter case duality acts by refiection 
at the p axis. So in Fig. ^ the white region is mapped onto itself (with the 
origin as fixed point), whereas the light and dark gray regions are mapped 
onto each other by duality. By contrast, in Fig.|21each of the three differently 
shaded regions is mapped onto itself (with the p axis as line of fixed points). 
Therefore, in Fig.^the singularities and asymptotic regions are exchanged by 
the duality, while in Fig.|21they remain the same. The four exponential curves 
in both graphs correspond to the line of MGS models (a = 1 + 6), models 
which have an {A)dS ground state [a = 1 — b), models with no kinetic term 
for the dilaton (a = 0) and models with a = 2. At the intersection points of 
these curves lie models which have maximally symmetric spacetimes for any 
value of A, M. The JT model appears in Fig. Q the S BH in Fig. |21 The W 
BH emerges as an asymptotic limit (^ —>■ —00 on the .^-axis) in both graphs. 
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In particular, for spherically reduced models from D dimensions we have 
b = —1/{D — 2) and a = {D — 3)/{D — 2). Since X has a higher dimensional 
interpretation as surface area it is fair to ask for a physical interpretation 
of X. It may be checked easily that X oc X^^^^~'^^ is the surface radius. 
The dual model is conformally related^ to spherically reduced gravity from 
D dimensions, with D = {2D — 3)/{D — 2). Obviously, only D = 3 is self- 
dual, while the S BH [D = 4) is related to D = 5/2. We mention that an 
alternative representation of the dual action is obtained by eliminating the 
dual dilaton field by means of its equation of motion, X oc R^^^^~^^: 

I = NdJ d2a;v^i?i+i/(i-^) , (25) 

where No is a constant following from the normalization chosen in (fTH|l . It 
grows with D for D ^ 1. This class of theories has been studied in 9 . 

The JT model (a = 0, 6 = 1) is very special as it is not only dual, but 
also conformally related to the model a = 2, 6 = 1. 

Finally we discuss the models with 6 = 0. We assume first a 7^ 1, so that 
the ground state solution is Rindler spacetime. The dual dilaton is given 
by X = InX. Therefore, the dual model does not belong to the a6-family; 
rather it belongs to the class of Liouville gravities fOl Q = (1 ^ 0,)^ 
and w = . In particular, for a = the CGHS model emerges (cf. the last 
Ref. [Z|). Its dual is given by the "almost Weyl invariant" Liouville model 
[11]. In ^21 it was observed that the Ricci scalar obtained from Liouville 
gravity is independent from the constant of motion. This feature is simply 
a consequence of the duality of Liouville gravity to Rindler ground state 
models. The W BH (a = 1, 6 = 0) has the MGS property (HD). Its dual is 
given by Q = and w = e~"^, thus leading to the dual action 

IwBH = ^J d'xv^ (Xi? + Me-^) . (26) 

Elimination of the dual dilaton field by means of its equation of motion, 
X = — In [R/M), and re- insertion into (pUj) allows to represent the dual W 
BH action (up to Einstein-Hilbert terms) as 



IWBH 



87r2 



d^xy/^R\n\R\. (27) 



^By "conformally related" we mean that the difference between the corresponding line 
elements is a conformal factor which is regular globally, except possibly at boundary points 



where e*^ may vanish or diverge. 
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This dual action for the W BH was presented for the first time in and 
it arises also as the D ^ oo limit of (j25|) . concurrent with the fact that the 
D ^ oo limit of spherically reduced gravity yields the W BH. This limiting 
procedure resembles the one discussed in [TT] . 

5 Outlook 

The duality (fTSj) [together with (fT^ ] between the actions (0) and (fT^ leaves 
intact the line element (|7j) but changes the dilaton field. This has some 
consequences for coupling to matter as well as for thermodynamical and 
semi-classical considerations, which we shall outline briefly. Generally any 
phenomenon that is based upon a fixed background geometry and that is 
not sensitive to the dilaton field will be invariant under the duality, but even 
quantities that are sensitive to the dilaton field (like quasi-normal modes of 
a scalar field) may be duality-invariant. 

An example of a duality-invariant observable is the Hawking temperature, 
as derived either naively from surface gravity or from the Hawking flux of 
a Klein-Gordon field propagating on the (fixed) BH background. An exam- 
ple of a duality-non-invariant observable is the Bekenstein-Hawking entropy, 
which is proportional to the dilaton field ^3] and thus changes under the 
duality. 

It would be interesting to find observables that are duality-invariant in 
the full dynamical and self-consistent system of geometry plus matter, i.e., 
not based upon some fixed background approximation. 
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